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Abstract. Let Q be the (open) set of (R 3 ) divergence free vector fields generating global 
smooth solutions to the three dimensional incompressible Navier-Stokes equations. We prove 
that any element of Q can be perturbed by an arbitrarily large, smooth divergence free vector 
field which varies slowly in one direction, and the resulting vector field (which remains 
arbitrarily large) is an element of Q if the variation is slow enough. This result implies that 
through any point in Q passes an uncountable number of arbitrarily long segments included 
in Q. 



1. Introduction 

1.1. Setting of the problem and statement of the result. Let us first recall the classical 
Navier-Stokes system for incompressible fluids in three space dimensions: 

dtu + u ■ Vu — Au = —S/p 
(NS) { divu = 
u\ t=0 = u 

where u(t, x) denotes the fluid velocity and p(t, x) the pressure. In this paper the space 
variable x is chosen in IR 3 . 

All the solutions we are going to consider here are at least continuous in time with values 
in the Sobolev space Hz(M?). It is well known that in that case, all concepts of solutions 
coincide and in particular we shall deal with "mild" solutions of (NS) (see for instance j!6j). 

In order to specify the concept of large data, let us recall the history of results concerning 
small data. The first one states that if the initial data uq is such that ||uo||x,2 ||Vito||j^a is 
small enough, (NS) has a global regular solution; this was proved by J. Leray in his seminal 
paper [17] . Then, starting with the paper by H. Fujita and T. Kato (see [9]), the following 
approach was developped: let us denote by B the bilinear operator defined by 

f d t M(v, w) - AM(v, w) = hp div(v ® w + w <g> v) 
1 M(v,w) {t=o = 

where P denotes the Leray projection onto divergence free vector fields. Then, it is easily 
checked that u is a solution of (NS) if and only if 

u = e tA u + M(u,u) 

which is something like Duhamel's formula. Then the theory of small initial data reduces to 
finding a Banach space X of time-dependent divergence free vector fields on M + x M 3 such 
that B is a bilinear map from X x X to X. An elementary abstract fixed point theorem 
claims that if X is a Banach space of time-dependent divergence free vector fields on R + x M 3 
such that 

||B(v, w)^x < C||w||x||w||x 
l 
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(X will be called from now on an adapted space), a solution of (NS) exists in X and is global 
as soon as 

||e iA n ||x < (4C)- 1 . 

The search of the largest possible adapted space X is a long story. It started in 1964 with 
the paper [9] where the space X is defined by the norm 

\\u\\x = supi * || Vu(t) \\ L 2. 

t>0 

This corresponds to an initial data small in HzfM 3 ), and it is shown in particular that the 
solution belongs to C(R + , (R 3 )) n L 2 (R + , iji (R 3 )). After a number of important steps 
(see in particular [10] , [H] , [22] and [3] ) , the problem of finding the largest adapted space was 
achieved by H. Koch and D. Tataru. They proved in [H] that the space of time-dependent 
divergence free vector fields on R + x R 3 such that 

MIxkt = f supts ||u(t)||itx> + sup -^3- ( / \u(t, y)\ 2 dydt J < 00 



i>0 ic£R 3 HA \JP(x,R) 



where P(x,R) is the parabolic ball [0,-R 2 ] x B(x,R), is an adapted space. 

Now let us observe that the incompressible Navier-Stokes system is translation and scaling 
invariant: if u is a solution of (NS) on [0, T] x R 3 then, for any positive A and for any xq 
in R 3 , the vector field u\ iXo defined by 

u\, xo (*, x ) = f Au(A 2 i, X(x - x Q )) 

is also a solution of (NS) on [0, A _2 T] x R 3 . Thus, an adapted space must be translation and 
scaling invariant in the following sense: a constant C exists such that, for any positive A and 
for any xq in R 3 , 

C^IMIx < ||«A,a:ollx < C||«IU- 
The second term appearing in the norm || • \\x KT above comes from the fact that the solution 
of (NS) should be locally in 1? in order to be able to define the product as a locally L 1 
function. The relevant norm on the initial data is ||e* A «o||x- In the case of the Koch and 
Tataru theorem, this norm turns out to be equivalent to the norm of dBMO, the space of 
derivatives of BMO functions. Of course, the space of initial data which measures the size 
of the initial data must be translation and scaling invariant. A remark due to Y. Meyer 
(see [19]) is that the norm in such a space is always greater than the norm in the Besov 
space -B^oo defined by 

n n def , 1 1 1 t A n 

\\ u r- 1 = supra e u\\l°°- 

°°' oa t>o 

This leads to the following definition of a large initial data for the incompressible Navier- 
Stokes equations. 

Definition 1.1. A divergence free vector field uq is a large initial data for the incompressible 
Navier-Stokes system if its B^^ norm is large. 

Let us point out that this approach using Duhamel's formula does not use the very special 
structure of the incompressible Navier-Stokes system. A family of results does use the special 
structure of (NS): in those cases some geometrical invariance on the initial data is preserved 
by the flow of (NS) and this leads to some unexpected conservation of quantities, which 
makes the problem subcritical and thus prevents blow up. We refer for instance to [15] . |18j . 
[20] . or [21], where special symmetries (like helicoidal, or axisymmetric without swirl) allow 
to prove global wellposedness for any data. 
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Some years ago, the first two authors investigated the possible existence of large initial data 
(in the sense of Definition II. ip which have no preserved geometrical invariance and which 
nevertheless generate global regular solutions to (NS). The first result in this direction was 
proved in [5] where such a family of large initial data was constructed, with strong oscillations 
in one direction. The main point of the proof is that for any element of this family, the first 
iterate B(e* A no, e* A no) is exponentially small with respect to the large initial data no in 
some appropriate norm. Let us notice that this result does use the fine structure of the non 
linear term of (NS): M. Paicu and the second author proved in |12| that for a modified 
incompressible Navier-Stokes system, this family of initial data generates solutions that blow 
up at finite time. 

In [6], the first two authors constructed another class of examples, in which the initial data 
has slow variations in one direction. The proof of global regularity uses the fact that the 
2D Navier-Stokes equations are globally wellposed. The initial data presented in the next 
theorem will be referred to in the following as "quasi-2D"). 

Theorem 1 Q6J). Let Vq = (vq,v 2 ) be a two component, smooth divergence free vector Geld 
on R 3 (i.e. Vq is in L 2 (R 3 ) as well as all its derivatives), belonging, as well as all its derivatives, 
to L 2 (M. X3 ; H~ l (M. 2 )); let wq = (wq, Wq) be a three component, smooth divergence free vector 
field on R 3 . Then there exists a positive Eq such that if e < Eq, the initial data 

U0,e(x) = f (Vq + EWq, wl)(x 1 ,X2,ex 3 ) 
generates a unique, global solution u £ of (NS). 

Remark 1.2. It is clear from the proof of [6] that the dependence of the parameter eq on 
the profiles Vq and wq is only through their norms. 

Note that such an initial data may be arbitrarily large in the sense of Definition 11.11 (see j6|). 
We recall for the convenience of the reader the result proved in [6]. 

Proposition 1.3 ([6|). Let (f,g) be in 5(R 2 ) x 5(R) and dehne h £ (xh,x 3 ) = f(xh)g(sx 3 ). 
We have, if £ is small enough, 

II^H^oofR 8 ) - 4^ll^oo(lR 2 )ll9lU°°(M)- 

In this paper we consider the global wellposedness of the Navier-Stokes equations with 
data which is the sum of an initial data (which may be large) giving rise to a global solution, 
and a quasi-2D initial data as presented above (which may also be large). The theorem is 
the following. 

Theorem 2. Let no, Vq and wq be three smooth divergence free vector fields defined on R 3 , 
satisfying 

• no belongs to H%(M. ) and generates a unique global solution to the Navier-Stokes 
equations; 

• v q = (vq,Vq) is a horizontal vector field on R 3 belonging, as well as all its derivatives, 
to the space L 2 (R Xs ; H' 1 (M 2 )) ; 

• Vq (xi, X2, 0) = Wq(xi,X2, 0) = for all (x\, X2) € R 2 . 

Then there exists a positive number depending on no and on norms of Vq and wq such 
that for any e £ (0, £0], there is a unique, global solution to the Navier-Stokes equations with 
initial data 

lt , e (x) d = U (x) + (Vq + £W^,Wo)(x 1 ,X2,£X 3 ). 
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Remark 1.4. Let no be any element of the (open) set Q of H^(E?) divergence free vector 
fields generating global smooth solutions to (NS), and let N be an arbitrarily large number. 
Then for any smooth divergence free vector field f h (over M 2 ) and scalar function g (over M.) 
satisfying H/^U^-i Q^Hgllioo^) > AN, and such that g(0) = 0, Theorem [2] implies that 

there is En depending on uq and on norms of f h and g such that uq + (f h <8>g, 0)(x\,X2,Enx 3 ) 
belongs to Q, where we have denoted f h <£> g(x) = {f 1 (xh)g{x 3 ), f 2 {xh)g{x 3 ))- Since Sjy only 
depends on norms of f h and g, that implies that for any A G [—1, 1], the initial data uq + 
, X2,£nx?) also belongs to Q. Using Proposition O] one concludes that: passing 
through uq, there exists uncountable number of segments of length TV" which are included in Q. 

Remark 1.5. With the notation of Theorem [21 the data uq{x) + (vq + ewq , Wq)(x\, X2, ex?) 
belongs to Q as long as e is small enough, so one can add to that initial data any vector field 
of the type (v^ 1 ^ + EiWq^\ Wq^)(xi, X2, Eix 3 ) and if £\ is small enough (depending on no, 

on e, and on norms of Vq, wq, Vq and Wq ), then the resulting vector field belongs to Q. 
One thus immediately constructs by induction superpositions of the type 

J 

u 0(x) + ^2(Vq {j) + EjWQ^ ,wl ij) )(x 1 ,X 2 ,E j X 3 ) 
j=0 

which belong to Q for small enough E^s, depending on no, on the norms of the profiles 

and Wq \ and on (£k)k<j- 

Finally notice that one can also require the slow variation on the profiles to hold on another 
coordinate than X3, up to obvious modifications of the assumptions of the theorem. 

Remark 1.6. In [7j, an even larger initial data than the one of Theorem Q] is constructed. 
However the size of the solution blows up when e tends to 0, and this is a strong obstacle to 
the use of a perturbative argument such as the one we will use here. 

1.2. Scheme of the proof and organization of the paper. Let us start by introducing 
some notation. We shall denote by C any constant, which may change from line to line, and we 
will write A < B if A < CB. In the following we shall denote, for any point x = (x\, x 2 , X3) G 

M 3 , its horizontal coordinates by x^ = (x±,X2)- Similarly the horizontal components of any 

vector field u = (n^n^n 3 ) will be denoted by u h = f (n^n 2 ) and the horizontal divergence 

will be defined by div^n^ = f V h ■ u h , where V h *= f (<9i,<92)- Finally we shall define the 

horizontal Laplacian by A/j ^ df + d\ . We shall often use the following shorthand notation 
for slowly varying functions: for any function / defined on M 3 , we write 

(1-1) [f]e(xh,X 3 ) = f f(x h ,EX 3 ). 

In order to prove Theorem [21 we look for the solution (which exists and is smooth for a short 
time depending on e, due to classical existence theory) under the form 

(1.2) u £ = l u -PP + R £ 

where the approximate solution n° pp is defined by the sum of the global solution associated 
with no and the quasi-2D approximation: 

(1.3) ur pd =u+[v^} £ with v^ d M(v h ,0) + (Ew^,w 3 £ ) 
while 

• u is the global smooth solution of (NS) associated with the initial data no; 
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v h is the global smooth solution of the two dimensional Navier-Stokes equation (with 
parameter y 3 in R) with pressure po and data Vq(-,u 3 ) 

' d t v h + v h ■ V h v h - A h v h = -VVo 



(NS2D 3 ) 



div/j v h = 
v h \ t =o = vft{x h ,y 3 ); 



• w £ solves the linear equation with data wq (and pressure p £ ,i) 

{d t w £ + v h ■ S7 h w £ - A h w £ - e 2 dlw £ = -(V h p E ,i,£ 2 d 3 p e> i) 
divw £ = 
w £ \ t =o = w . 

We will also define the approximate pressure 

(1-4) pf pd =P+bo+^e,l] £ - 

The stability of this approximate solution is described by the following proposition. As in 
the rest of this paper, we have used the following notation: if X (resp. Y) is a function 
space over R 2 (resp. R), then we write for X(R 2 ) and Y v for 1"(R). We also denote the 
space y(R;X(R 2 )) by Y v X h . 

Proposition 1.7. For any positive Eq, the family (u £ pp ) £ < £0 of approximate solutions is 
uniformly bounded in L 2 (R + ; L°°(R 3 )) and the family {Vu £ pp ) £ < £0 is uniformly bounded 
inL 2 (R+;L-(L 2 )). 

The size of the error term E £ (this denomination will become apparent in the next section) 
defined by 

(1.5) E £ = f (d t - A)uf> p + u app ■ Vu app + Vp app 

can be estimated as follows. 

Proposition 1.8. The family (E £ ) £ < £o of error terms satisfies 

lim ||£U| , . . i=0. 

The structure of this article is the following: 

• the second section is devoted the proof of Theorem [2] using the above two propositions; 

• the third section consists in proving Proposition 11.81 using estimates on the product 
in anisotropic spaces; 

• we shall present the proof of some product laws in Sobolev spaces in Appendix [Aj 

• the proof of Proposition II .Tl is postponed to Appendix |Bj Indeed most of the proof is 
actually contained in Lemma 2.1 of [6], apart from the fact that the global solution u 
satisfies the required properties. One way to avoid having to rely on that last result 
would be simply to replace, in the definition of u £ pp , the solution u by any smooth 
approximation (that is possible due to the stability result of |llj). However we feel 
the result in itself is interesting so we prove in Appendix [B] that any global solu- 
tion associated to H^(M. 3 ) initial data belongs to L 2 (R + ; L°°(R 3 )), and its gradient 



to L 2 (R+;L-(L 2 )). 



2. Proof of Theorem [2] 



Assuming Proposition 11.81 the proof of Theorem [2] follows the sames lines as the proof 
of Theorem 3 of [6]; we recall it for the reader's convenience. Using the definition of the 
approximate solution (u £ pp ,p £ pp ) given in (jl.3ll.4p . and the error term E £ given in (jl.5p . we 
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find that the remainder R £ satisfies the following modified three-dimensional Navier-Stokes 
equation 

d t R £ + R £ ■ VR £ - AR £ + uT P • VR £ + Re • Vnf p = -E £ - Vq £ 
div R £ = and R £ \t=o = 0, 



(MNS £ 



with q £ = p £ — p £ pp . The proof of the theorem reduces to the proof that (MNS £ ) is globally 
wellposed. We shall only write the useful a priori estimates on R £ , and leave to the reader the 
classical arguments allowing to deduce the result. In particular we omit the proof of the fact 
that the solution R £ constructed in this way is continuous in time with values in iJ2(R 3 ). 
So let us define, for any A > 0, 

R x (t) d ^R £ (t)e W ("A jfV«(0 dA with V £ (t) A M ||ii?*(t)||£. + ||V<^(i)||^ L , . 

Note that Proposition 11.71 implies that / V £ (t) dt is uniformly bounded, by a constant 

denoted by U in the following. Writing also E £ (t) = f E £ (t)exp y—X J V £ {t') dt'^j, an H 3 
energy estimate on (MNS £ ) implies 

ljt m " m ni + ^ R ^lh = -mt)\\^(t)\\ 2 Hi - (E*\R*)^(t) 

- (exp(\ ! V £ (t')dt'^jR x ■ VR X + u a £ pp ■ VR X + R x ■ Vu a £ pp \R x ^j . , (t). 

A law of product in Sobolev spaces (see (|A.2p in Appendix^} and Proposition 1 1 . 71 imply that 

exp(A j* V £ (t')dt')\(R x -VR X \R X )^\ <Ce w ||i^(t)||^||Vl^ 



<Ce w \\R x (t)\\.:i\\VRHt)\\ 2 i 



Lemma 2.3 of [6] claims that 

(2.1) |(6 ■ Vg + a ■ Vb\b) Ah | < C[\\a\\ L ~ + || Va\\ L „ L 2) \\b\\ 6 i || V6||^i . 

so by definition of V £ we get 

|(tif • VR X + R x • VuT P \R x ) tih | < \\\VR x {t)\\\ h + CV £ (t)\\R X e(t)\\\i ■ 
Let us choose A > C. Then using the fact that 



we obtain 
d 



\(E^) H .(t)\ < \\\VR^t)f H ,+C\\E^t)\\ 2 H ^ 



, „Rs(t)\\ i + 1 \\VR £ (t)\\. i < C\\E £ (t)\\ z . 1 +Ce ou \\R*(t)\\.i\\VR*(tW. 1 . 
Since R £ \t-n = and lim \\E e \\ „ , . i = by Proposition 11.81 we deduce that as long 
as ||i2 £ (t)||^i is smaller than (4Ce cu )~ l , then for any r] > there is Eq such that 

Ve < s , \\R X (t)f^ + \f \\VR x (t')\\ 2 ^ dt' < v , 

J 

l^)llii + ijfll^(Ollii^ 



which in turn implies that 

Ve < e , Vt G M + , ||i^(t)f. i + 7 / || Vi? A (t')|| z 1 eft 7 < 
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3. The estimate of the error term 

In this section, we shall prove Proposition 11.81 Let us first remark that the error term E £ 
can be decomposed as 

E e = El + E 2 £ with E 2 e d = f u ■ ^\vf D \ + \vf D \ ■ Vu. 

Thus the term E\ is exactly the error term which appears in [6], and Lemmas 4.1, 4.2 and 4.3 
of [6] imply that 

(3-2) ll^ll , . . i < C e^. 

In order to estimate the term El, let us first observe that Lemmas 3.1 and 3.2 of [6] imply 
the following proposition. 

Proposition 3.1 (|6j). For any s greater than — 1, for any a € N 3 and for any positive t, we 
have 

\\o a vi 2D Ht)f T ^ s + f wv^ D \t')\\l 2H3 dt' < c . 



I r 2 i;j / II" v u e \"J\\T2fjB 

v h JO U v n h 



We shall also be using the following result, whose proof is postponed to the end of this 
paragraph. 

Proposition 3.2. The vector field satisfies 

(3.3) II4 2D) (-,0)|| LOO(R+;LD + ||V^)(,0)|| i2(R+;iD < Ce\. 

Furthermore, vf D) is uniformly bounded in L°°(R + , H.\ (R 3 )) n L 2 (R + , iji (M 3 )). 
Assuming this result, let us prove Proposition 11.81 



Proof of Proposition 11.81 The stability theorem of [TT] claims in particular that 

lim \\u(t)\\ .i=0. 

As the set of smooth compactly supported divergence free vector fields is dense in the space 
of Hz(M. 3 ) divergence free vector fields, this allows to construct for any positive rj, a fam- 
ily (tj)x<j<N of positive real numbers and a family (<f>j)i<j<N °f smooth compactly supported 
divergence free vector fields such that (with to = 0) 

JV 

(3-4) ll^ll K+ .^i < rj with u v = u-u v and u v (t,x) = ^ l fe _ ljtj] (i)<^-(a;). 

i=i 

Then, for any positive r\, let us decompose El as 

(3.5) El = ^ + E e „ with E etV d =u v -V[v^] £ + [vi 2D ^] £ -Vu v . 

The term E^ v will be estimated thanks to the following lemma which is a generalization 

of dm 



Lemma 3.3. Let a and b be two smooth functions. We have 
II a 



b\\. h < c\n Hh (\w h b\\ LnLl) + \\b\\ L ~ + wm^)- 
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Proof. For any function / in Hz(M. 3 ), one has 

(3-6) <II/IL 2 .^ + II/IL 2 .^ 

That estimate may be proved simply by PlanchereFs theorem (see for instance the end of the 
proof of Lemma 2.3 of [6]). 

Now we observe that by two-dimensional product laws (taking s = \ and d = 2 in (jA.lj) 
of Appendix one has for any x% in M 

||a(.,X3)6(-,X3)||.i <C(||a(-,X3)|| , ||V ft 6(-,x 3 )||^ + ||a(-,x 3 )||. 1 \\K; x 3 )\\ L ~) . 
One has of course 

(3.7) s < => \\a\\fr < \\a\\ L 2 { H°) and » > => NIl2(hj[) ^ IHIh- 

so taking s = 1/2 gives 

IHI^j < C||a[| £8(A j ) (||V fc 6|| x? , (Jc3 , ) + 11611^) 

(3-8) < llall^idlV^go^ + llftlUac). 

Now let us estimate ||a&|| 2 . 1 • A law of product in the vertical variable (taking s = \ 
and d = 1 in (jA.ip of Appendix [XJ implies that for any x^ in R 2 

\\a(x h , -)b(x h , -)|| 1 < C(||a(x fo , -)|| 1 ||6(x ft , 0||x« + IK^ Olli? ||5 3 6(x h , Oll^j). 

Taking the I? norm in the horizontal variable gives 

IH| 1 < C(||o|| 1 ||6|U- + Hall^ll^bH^). 

Using Minkowski's inequality, we get that 



1 



Then using the Sobolev embedding H? >■ L\ and (|3.7p . we infer 

|H| , < C(||a|| i ||6|U- + ||a|| 4 HM j) 
< C\\a\\^(\\b\\^ + \\d 3 b\\ 

Together with (13. 6p and (I3.8p . this proves Lemma [3731 □ 

That lemma allows to obtain the required estimate for E £ . Using the divergence free 
condition, we indeed have that 

E, iV = div(u v ® [vf D \ + [vf D \ ®u v ). 

So the above lemma implies that for any positive time t 

11^(011^.1 < C\\u v ®[v^] £ + [v^} £ ®uJ Ah (t) 

< C\\uJ Hi (\\V h [vW] £ \\ L?Ll + \\[vW] £ \\ L ~ + \\d 3 [vW} £ \\ . h )(t). 

L v H h 

By definition of [ • ] e and using (|3.4p . we get 

ll^WII^-i < ^(iiv^llxg-Lji + lk 2D) IU~ + ^n^ 2D) l 
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(3.9) 



In order to estimate the term E £ ^ let us observe that thanks to the divergence free condition, 
we have 

(3.10) E e , v = u h v ■ V h [vf D \ + a%[d3vl 2 % + [vf D \ ■ Wu n . 

Using a 3D law of product (namely (|A.2p in Appendix gives 

\\eu z v [d z vf D )U k _ h < Ce\\u4 Hh \\[d,v^} E \\ Hh . 

This gives 

(3.H) \\eul[dzv? D \\\^ h <eHu ri 



'Hi 



The two other terms of (|3.10p are estimated using the following lemma. 
Lemma 3.4. Let a and b be two smooth functions. We have 

\\ab\\ i <C\\a\\ i|K-,0)|| L 2 + C||x 3 a|| L 2||^6|| .i. 

H 2 J 2 11 2 h r oo Zl 2 

Proof. Let us decompose b in the following way: 

/•X3 

(3.12) b(x h ,x 3 ) = b(xh,0) + / d 3 b(x h ,y 3 )dy 3 . 

Jo 

Laws of product for Sobolev spaces on M 2 (see (|A.2j) in Appendix [A} together with Asser- 
tion (|3.7p gives 



i(b\ X3=0 )\\ A _i < ||a(6| X3=0 )|| . 



< 



\a(;X 3 )b(;0)f.idx 3 



< C\\b(;0)\\ 



L 2 



\a(-,x 3 )\\ 2 idx 3 



(3.13) 



< Glial 



\\K;0)\\i 



In order to use (|3.12|) . let us observe that for any x 3 , two-dimensional product laws give 



a(-,x 3 ) / d 3 b(-,y 3 )dy ? 



\9 3 b(-,y 3 )\\ . idy 3 



1 < C\\a{-,x 3 )\\ L 2 h 

< C\x 3 \\\a(;x 3 )\\ L 2\\d 3 b\\ 
h j 

The above estimate integrated in x 3 together with (|3.12p and (|3. 13[) gives the result. 
Now let us apply this lemma to estimate ■ V h [v £ '] £ and [v £ ] £ • Vu Tl . We get 



roo 



□ 



\u*-V\v? D \(t)\\ ti _ h <C\\u% 



I .1 l|vN4 2D) (v, 



+ e\\x 3 u h Jt)\\LA\d^ h v^ D) {t,.) 



L^(Hl) 



and 



n ■ v 



u, 



H~? 



< C\\Vu v (t, 



1 V 



(2D) 



£3(3?) 



(V,0)|| 



+ £ ||x 3 V5 r) (t,-)||L 2 ||534 2i3) ^-)| 



10 J.-Y. CHEMIN, I. GALLAGHER, AND P. ZHANG 

By construction of u„ and by Proposition 13.11 and 13.21 (using the embedding of ff 1 (IR) 
into L°°(R)), together with (j37L0|) and ([331]) . we infer that 

(3.14) IliUll C„e5 

and putting (|3.2p . (|3.9p and (|3.14|) together proves Proposition 11.81 up to the proof of Propo- 
sition EZS □ 

Let us finally prove Proposition 



Proof of Proposition 13.21 We recall that = (v h ,0) + (ew £ ,w £ ), and due to the form 

of (NS2D 3 ) it is clear that v h (t,x h ,0) = for any (t,x h ) in M + x M 2 . So it remains to 
estimate (ew £ ,w £ ). We first notice that due to Lemma 3.2 of [6], 

\\^(;0)\\ Lx(R+ . Ll) + \\eV h w^;0)\\ L2{R+ . Ll) < Ce, 

so we are left with the computation of w £ (t, •, 0). By definition of w £ we have 

d t w 3 £ + v h ■ V h w 3 £ - A h w 3 £ = e 2 F £ d _ef 2 3 

,,,3 _„,,3 wl ™ - °3 w e ~ <hPe,\- 

|t=0 _ ^0 

i 

We shall start by writing an Hfi energy estimate (with y 3 seen as a parameter) which will 

. 1 .3 

imply that w 3 {t,-,0) is smaller than Ce in L°°(R + ;H^) n L 2 (M+ ; H£ ) . The result in the 
space L°°(R + ; L 2 ) fli 2 (l + ; H\) will follow by interpolation with a bound in a negative order 

Sobolev space, given by Lemma 3.2 of [6]. 

.1 

Let us start by the H£ energy estimate. We claim that there is a constant Co such that 
for any e < £0, 

(3.15) e\\F e \\ 1 < C . 

L 2 (M+;L%>H h 2 ) 

1 

Assuming (|3.15p . an energy estimate (joint with the fact that w^ t=Q (-,0) = 0) gives 
directly that 

||u£(-,0)|| 1 + ||V h w;|(- ,0)|| 1 <Ce. 

. _i 

But by Lemma 3.2 of [6] we know that w £ is uniformly bounded, say in L°°(R + ; H, 2 ) 
and V h w £ is uniformly bounded in L 2 (U. + ; L 1 ^ H h 2 ), so we get by interpolation that 

+ HVV 3 (-, 0)11^+^2) < Cei 

This achieves (|3.3|) . 

It remains to prove the claim (|3.15|) . On the one hand, Lemma 3.2 of [6] implies that 

(3.16) llflMl 1 = \\d 3 V h ■ 1 <C . 

The estimate on the pressure seems slightly more delicate, but we notice as in [6] that 

(3.17) - (e 2 d 2 3 + A h )p E>1 = &iv h (v h ■ V h w h £ + d 3 (w 3 £ v h )) . 

Since £^3 div/ l (£ 2 3 2 +A/ l ) _1 is a uniformly bounded Fourier multiplier, this implies by Sobolev 
embedding that 

<\\v h ■ V h w h F + d 3 wfv h + wfd 3 v h \\ 



\£9 3 p s l\\ 1 < 1 1 £C?3J3=: 1 II 1 
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However thanks to (|A.2p and using the estimates of Lemmas 3.1 and 3.2 of [6], one has 
\\v h -V h w h £ \\ i <C\\v h \\ 1 II VN^|| /2m +. ffl r2^ < C. 

Due to the divergence free condition of w £ , a similar estimate holds for ||<93U^f h 1 



£ "L*(R+;HlH h ?) 

While again thanks to (1A.2|) and using the estimates of Lemmas 3.1 and 3.2 of [6], we obtain 

KVlL,^ < CR 3 |L_ „^.iJ\d 3 v h \\ L oo m+ .m m < C. 



As a consequence, we arrive at 

(3.18) HeSbPeill -i <C . 

The combination of (|3.16|) and (|3.18|) proves the claim, hence Estimate (|3.3|) of Proposi- 
tion! 



Finally let us prove the bound in L°°(IR + ; III (M 3 ))nL 2 (M + , iji (M 3 )) of v { £ D) . Actually the 
bound for (v h ,0) follows from Lemma 3.1 and Corollary 3.1 of [6], so we just have to concen- 
trate on (ew £ ,w £ ). Lemma 3.2 of [6] gives that w £ is uniformly bounded in L°°(1R + ; Hz (M 3 )), 
as well as the fact that V h w £ is uniformly bounded in L 2 (M + ; H 2 (M 3 )) so by the divergence 
free condition we only need to check that ed^w^ is uniformly bounded in L 2 (R + ; (M 3 )). 
In fact, we shall prove first that ed^w £ is uniformly bounded in L 2 (R + ; L 2 (IR 3 )) and then 
that (£ds) 2 w £ is uniformly bounded in L 2 (M + ; L 2 (M 3 )), so that the result will follow by inter- 
polation, using Lemma 3.2 of [6] to deal with horizontal derivatives. Actually we shall only 
concentrate on the first bound and leave the second to the reader as it is very similar. Indeed 
we get by a standard L 2 energy estimate on w £ that 

\j t W W eWh + W^eWh + \\zd 3 W*f L 2 = ~(v h ■ V k W h £ + V h p £ ^\ W h £ ) L 2. 

On the one hand we can write 

\{v h ■ V h w h £ \w h £ ) L 2\ < C\\v h \\ L ~\\V h w h E \\ L 4w h e \\ L . 

which implies that 

\{y h ■ V h w h £ \w h £ ) L ,\ < i||V^||| 2 + Cll^ll^H^llioo. 

To estimate the pressure term, we use again (|3.17p which allows to write (using the fact 
that dsw £ = — divh w £ ) 

\{V h p £ Me) L A<C I \\w h £ \\ J\\v h \\ . 4 ||VVll^+ -i \\d3V h \\ Ll ) dx 3 

<C7||u£l| ifll^H x\\V h wH L 2 + \\wl\\ 1 HSs^HrcorA 

" " £ \lHlV \~ H f £ eU L*Hi n v h ) 

This implies, after some interpolation estimates, that 

\{v h P£ Me) L A < \\\v h w*\\i 2 + c\\w*\\Uv h \\* . h +c\\w £ f Ad,v h \\ LTLl . 

4 - L^Hl LlHl h 
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Thus applying Gronwall's lemma ensures that 

H(t)\\h+ f\\V h W h £ (t')\\l 2 dt'+ f \\Ed,W h e (t')\\l 2 dt> 

Jo Jo 



x exp C^||f 



h\\i , ||„.h||2 

L 2 (R+;L°°) 



l +\\v 

L 4 (R+;LS°if^) 



so the results of Lemmas 3.1, 3.2 and Corollary 3.1 of [6] allow to conclude that (sd^w 1 ^ 
is uniformly bounded in L 2 (R + , L 2 (R 3 )). The estimates are similar for (eds) 2 w £ , and that 
concludes the proof of the proposition. □ 



Appendix A. Product laws in H s (R d ) 

To prove the product laws in H s (R d ) as well as Proposition IB. II below, we shall need 
some basic facts on Littlewood-Paley analysis, which we shall recall here without proof but 
refer for instance to pQ for all necessary details. Let (ft (the Fourier transform of (ft) be a 
radial function in V(R d ) such that </>(£) = 1 for |£| < 1 and (ft(^) = for |£| > 2, and we 
define (fte(x) = 2 M <ft{2^ x) . Then the frequency localization operators are defined by 

Si = <fti * ■ and A e = S e+1 - S £ . 

Let / be in S'(R d ), let p, q belong to [1, oo], and let s < d/p. We say that / belongs to Bp q (R d ) 
if and only if 

• The partial sum Y^™ m ^tf converges to / as a tempered distribution; 

• The sequence ei = 2 fe ||A^ i /'||j> belongs to l q . 

We will also need a slight modification of those spaces, taking into account the time variable; 
we refer to [8] for the introduction of that type of space in the context of the Navier-Stokes 
equations. Let u(t, x) G and let A^ be a frequency localization with respect to the x 

variable. We will say that u G Tp(R + - B s pq {R d )) if and only if 

2'1|AH| LP(K+;LP) =e e e£ q , 

and other requirements are the same as in the previous definition. Note that there is an 
equivalent definition of Besov spaces in terms of the heat flow: for any positive s, 



\u\\ f>—s 



th\e tA u(t)\\ nt 



Now let us apply the above facts to study product laws in H s (R d ). The proofs are very 
classical (see [T] for instance), and we present them here just for the readers' convenience. 

Proposition A.l. (i) Let a G i^(M d ) n H s {R d ) and b G L°°(R d ) n H a+ *(R d ) for s > 0. 
Then ab G H s (R d ) and 

(A- 1 ) hb\\ tis < ||fo||^ s+ i + ||a||j. 



(it) Letae H Sl (R d ), b G H S2 (R d ) with Sl +s 2 >0ands 1: s 2 < f. Thenab G B^ 2 ^(R 4 ), 



and 



(A.2) 
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Proof. In what follows (cj)jgz (resp. (dj)iez) will always be a generic element in the sphere 
of I 2 (resp. 

Thanks to Bony's decomposition [2], we have ab = T a b + T b a + i?(a, b), with 

1 

^qfo = Sj—iaAjb and i?(a, 6) = 22 AjaAjb, while Ajb = 2~] Aj+gb. 
j&z jei i=-i 

(i) Bernstein's inequalities give 

H^-oHioo ^ Cj22 ||a|| d-i , 

so thanks to the support to the Fourier transform of T a b we have 

||A f (T a 6)|| L2 < 22 \\ s j-i a h°°\\Ajb\\ L 2 
\j-t\<5 

< Ci2~ es \\a\\ . d-i \\b\\ ... i . 

Similarly as s > 0, it follows that 

\\A e (T b a + R(a,b))\\ L2 < 22 ||Aja|| L 2||S,- +2 &||z,°° 



j>£-N 

; £ ■ 

j>e-N 



< c 3 2 ~ jS \\ a \\H4b\\L°° <P*2- & ||o||^.||6[|£o 



This achieves (lA.lj) , 

(ii) The proof is similar to that of (jA.ip noticing that as si < |, 

||A^(T a 6)|| L2 < 22 \\Sj-ia\\Loo\\Ajb\\ L 2 

\j-e\<5 

< ^2 C p-^ +s ^\\a\\ kai \\b\\ H ^ <de2-^+^\\a\\ HSl \\b\ lHS2 . 
\j-t\<5 

The same estimate holds for ||A^fTj,a)||x,2. On the other hand, as s\ + s 2 > 0, we deduce that 

\\A e (R(a,b))\\ L2 < Y rf l \\*Mi?\\&Mv 
j>£-N 

<2^ 22 cp~^ + ^\\a\\ HS1 \\b\\ HS2 <^2-^+^-f)||a||^ 1 ||6||^ 2 . 
j>e-N 

This completes the proof of (|A.2p . □ 

Appendix B. Proof of Proposition 11.71 

Proposition 11.71 follows from the next statement, as the [ve 2 ]e part was dealt with in 
Lemma 2.1 of [B]. It remians prove the next result. 



Proposition B.l. Let u$ € H 2 (R ) be a divergence free vector field generating a smooth, 
global solution u to (NS). Then u belongs to L 2 (R + ; L°°(IR 3 )) and Vu to L 2 (R+; L™(L 2 h )). 

Proof. We shall start by proving that -u belongs to the space L 2 (R + ; L°°(IR 3 )). Writing 
u = e tA -u + u> with w d =-[ e^'^Fdiv (u ® u)(t') dt' , 

we only need to prove the result for u; since by the continuous embedding of H^(M. 3 ) 
into 2 (^ 3 ) ^ is immediate to check using the definition of Besov spaces via the heat 
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flow, that e* A uo belongs to L 2 (R + ; L°°(M 3 )). So let us concentrate on w. By Theorems 1.1 
and 2.1 of [llj, u belongs to L°°(R + ; (M 3 )) n Z 2 (M + ; i?i(K. 3 )), so we infer that u belongs 

to L 4 (M + ; i^QR 3 )) and therefore u <g) u belongs to L 2 (R + , Bj^R 3 )) thanks to (fO) . 
In particular there is a sequence ^ in the unit sphere of (j(L 2 ) such that 

(B.l) \\Ai(u®u)(t)\\ T 2 < d/(i)2~i||tt||~ ^ .i [I ixll — ^ .3 . 

By the Plancherel formula, we get 

l|A^(t)|| L2 < t e-^- t,)22e 2 e \\A e (u^u)(t')\\ L 2 dt' 



< 2l 



Using the Cauchy-Schwarz inequality, we infer 

II t Wll-L II CWIIL t II llioo(K+._f/-2)ll M L2( R +.#7) 

Then, using (anisotropic) Bernstein inequalities (see for instance PQ) we have 
\\A e w(t)\\ L ~ + \\VA e w{t)\\ L 2 h(L?s) < 2-||A^(t)|| L2 . 



Then we conclude that 

4- -I- IIAfVlljILo^J. ,o,,_.^ < ll?/.L_ 

l L°°(R+;H^)" "L 2 (R+;H2) 



Let us now prove the result for \/e t ^ L UQ. The proof follows the lines of the equivalence of 
the dyadic and heat definitions of Besov spaces (see for instance [I]). Using Lemma 2.1 of [?j 
and the Bernstein inequality, we get that 

||PVe* A ti |[ LS c( L 2) < ^2 ll^ 2 ^ A i e<Au o||L2 

3 

j 

where (cj)jgz denotes, as in all this proof, a generic element of the unit sphere of £ 2 . Using 
that 

supV^2^- rf22j <oo, 

M T 

we infer, using the Cauchy-Schwarz inequality (in j) with the weight 2- J e _c * 2 \ 

r°° rH 
-,tA„, \\2 / + ||T-7„tA„. \\2 ai 



l Ve Mvat&rvfi) - J n *IIVe «onr«(^)7 

2 c2i 



< 



< 



Uf(£» 2J ^ J )(£" 2J ' 



J0 jez 
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-dt 



Using Fubini's theorem, we infer 

/■CO 

which gives the result. □ 
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